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We formulate the expectation value of the Bell-Z˙ukowski operator acting on qubit states of a
two-particle Bell experiment. By using the equivalence between a set of N copies of a two-qubit
experiment and a standard two-setting Bell experiment in an entangled 2N-particle state, we obtain
an inequality, which we may call the Bell-Z˙ukowski inequality. It determines whether the measured
correlation functions of two-particle states can be modeled locally and realistically. In this Bell
experiment of two particles, the conflict between local realism and quantum mechanics is discussed
in conjunction with the violation of the Bell-Z˙ukowski inequality. The main point of the result is
that the Bell-Z˙ukowski operator can be represented by the Bell-Mermin operator. The threshold
visibility of two-particle interference analyzed in this scheme shows good agreement with the value
to cause a violation of the Bell-Z˙ukowski inequality.
PACS numbers: 03.65.Ud, 03.67.Mn
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I. INTRODUCTION
Bell inequalities that correlation functions satisfying
local realistic theories must obey can be violated by cer-
tain quantum predictions, as Bell reported in 1964 [1].
Bell used the singlet state, or EPR pairs [2], to show that
the correlation functions measured in such singlet states
cannot be modeled by local realistic models. Likewise, a
certain set of correlation functions produced by quantum
measurements of a quantum state contradicts certain pre-
dictions of local realistic theories. Those states also can-
not be modeled by local realistic models. Up to now, local
realistic theories have been studied extensively [3, 4, 5].
Many experiments have shown that Bell inequalities and
local realistic theories are violated [6, 7, 8, 9, 10]. Later,
in a work by Fine [11], a set of correlation functions can
be described with the property that they are reproducible
by local realistic theories for a system in two-partite
states if and only if the set of correlation functions sat-
isfies the complete set of (two-setting) Bell inequalities.
This result is generalized [12, 13] to a system described
by multipartite states in the case where two dichotomic
observables are measured per site.
In this paper, we present a method using two Bell op-
erators [14] to refute local realistic models of a quantum
state. In order to do so, we need only a two-setting and
two-particle Bell experiment reproducible by local real-
istic theories. Such a Bell experiment also reveals the
conflict between local realism and quantum mechanics in
the sense that the Bell-Z˙ukowski inequality [15] is vio-
lated.
Let us consider two-qubit states that, under specific
settings, give correlation functions reproducible by local
realistic theories. Imagine that N copies of the states can
be distributed among 2N parties in such a way that each
pair of parties shares one copy of the state. The parties
perform a Bell-Greenberger-Horne-Zeilinger (GHZ) 2N -
particle experiment [12, 13, 16] on their qubits. Each of
the pairs of parties uses the measurement settings noted
above. The Bell-Mermin operator [14, 17], B, for their
experiment does not show any violation of local realism.
Nevertheless, one can find another Bell operator, which
differs from B by a numerical factor, that does show such
a violation. That is, the original two-qubit states cannot
be modeled by local realistic models.
More specifically, the situation is as follows: A given
two-setting and two-particle Bell experiment is repro-
ducible by local realistic theories. However, the exper-
imental correlation functions can compute a violation of
the Bell-Z˙ukowski inequality. Therefore, actually mea-
sured data reveal that the measured state cannot be mod-
eled by local realistic models. Thus, a conflict between
local realism and quantum mechanics is revealed. We can
see this phenomenon by the simple algebra presented be-
low.
This phenomenon can occur when the system is in a
mixed two-qubit state. We analyze the threshold visi-
bility for two-particle interference to reveal the conflict
mentioned above. It is found that the threshold visibility
agrees with the value to obtain a violation of the Bell-
Z˙ukowski inequality.
II. BELL-MERMIN OPERATOR AND
BELL-Z˙UKOWSKI OPERATOR
Let N2N be {1, 2, . . . , 2N}. We consider the following
specific Bell-Mermin operator (see Eq. (23)):
BN2N = 2
(2N−1)/2(|Ψ+0 〉〈Ψ+0 | − |Ψ−0 〉〈Ψ−0 |). (1)
Here, the states |Ψ±0 〉 are GHZ states [18], i.e.,
|Ψ±0 〉 =
1√
2
(|0⊗2N 〉 ± |1⊗2N 〉). (2)
An average of the Bell-Mermin operator is evaluated by
using a standard two-setting Bell experiment. See Fig. 1.
2One can introduce a 2N -partite Bell operator, which
one may call the Bell-Z˙ukowski operator Z2N , which dif-
fers from BN2N only by a numerical factor. The Bell-
Z˙ukowski operator Z2N [19] is
Z2N =
1
2
(pi
2
)2N
(|Ψ+0 〉〈Ψ+0 | − |Ψ−0 〉〈Ψ−0 |). (3)
An average of the Bell-Z˙ukowski operator is evaluated by
using an all-setting Bell experiment. See Fig. 2.
Clearly, we see that the Bell-Mermin operator given in
Eq. (1) is connected to the Bell-Z˙ukowski operator Z2N
in the following relation:
Z2N =
1
2
(pi
2
)2N 1
2(2N−1)/2
BN2N . (4)
One can see that the specific two-setting Bell 2N -particle
experiment in question computes an average value of the
Bell-Z˙ukowski operator 〈Z2N 〉 when an average value of
〈BN2N 〉 is evaluated. Of course, this argument is due to
the validity of quantum mechanics. See Fig. 3.
From the Bell-Z˙ukowski inequality
|〈Z2N 〉| ≤ 1, (5)
we have a condition on the average of the Bell-Mermin
operator 〈BN2N 〉, which is written by
|〈BN2N 〉| ≤ 2
(
2
pi
)2N
2(2N−1)/2. (6)
Please notice that the Bell-Z˙ukowski inequality |〈Z2N 〉| ≤
1 is derived under the assumption that there are prede-
termined ‘hidden’ results of the measurement for all di-
rections in the rotation plane for the system in a state.
On the other hand, the Bell-Mermin inequality is derived
under the assumption that there are predetermined ‘hid-
den’ results of the measurement for two directions for the
system in a state. We see that a violation of the condi-
tion in Eq. (6) implies a violation of the Bell-Z˙ukowski
inequality. Our aim is to compute an expectation value
of the Bell-Mermin operator given in Eq. (1) by using a
two-particle Bell experiment reproducible by local real-
istic theories. The Bell-Z˙ukowski inequality is stronger
than the standard Bell inequalities for N ≥ 2. This is
why a standard Bell experiment reproducible by local re-
alistic theories reveals the conflict between local realism
and quantum mechanics.
III. EXPERIMENTAL SITUATION
We consider the following two-qubit states:
ρa,b = V |ψ〉〈ψ|+ (1− V )ρnoise (0 ≤ V ≤ 1), (7)
where |ψ〉 is a Bell state defined as
|ψ〉 = 1√
2
(|+a; +b〉 − i|−a;−b〉). (8)
ρnoise =
1
41 is the random noise admixture. The value
of V can be interpreted as the reduction factor of the
interferometric contrast observed in the two-particle cor-
relation experiment. The states |±k〉 are eigenstates of
the z-component of the Pauli observable, σkz , for the
kth observer. Here, a and b are the labels of the par-
ties (say Alice and Bob). Then, we have tr[ρa,bσ
a
xσ
b
x] =
0, tr[ρa,bσ
a
yσ
b
y] = 0, tr[ρa,bσ
a
xσ
b
y] = V, and tr[ρa,bσ
a
yσ
b
x] =
V.
Here, σkx and σ
k
y are Pauli-spin operators for the x-
component and for the y-component, respectively. This
set of experimental correlation functions is described with
the property that they are reproducible by local realis-
tic theories. See the following relations along with the
arguments in Ref. 10:
|tr[ρa,bσaxσbx]− tr[ρa,bσayσby] + tr[ρa,bσaxσby] + tr[ρa,bσayσbx]| = 2V ≤ 2,
|tr[ρa,bσaxσbx] + tr[ρa,bσayσby]− tr[ρa,bσaxσby] + tr[ρa,bσayσbx]| = 0 ≤ 2,
|tr[ρa,bσaxσbx] + tr[ρa,bσayσby] + tr[ρa,bσaxσby]− tr[ρa,bσayσbx]| = 0 ≤ 2,
|tr[ρa,bσaxσbx]− tr[ρa,bσayσby]− tr[ρa,bσaxσby]− tr[ρa,bσayσbx]| = 2V ≤ 2. (9)
In the following section, we will use this kind of exper-
imental situation. Those experimental correlation func-
tions can compute a violation of the Bell-Z˙ukowski in-
equality. In order to do so, we shall compute an ex-
pectation value of the Bell-Mermin operator in the next
section.
IV. CONFLICT BETWEEN LOCAL REALISM
AND QUANTUM MECHANICS
Imagine that N copies of the states introduced in the
preceding section can be distributed among 2N parties
in such a way that each pair of parties shares one copy
3of the state
ρ⊗N = ρ1,2 ⊗ ρ3,4 ⊗ · · · ⊗ ρN−1,N︸ ︷︷ ︸
N
. (10)
Suppose that spatially separated 2N observers perform
measurements on each of 2N particles. The decision pro-
cesses for choosing measurement observables are space-
like separated. It can be regarded as a standard two-
setting Bell experiment in an entangled state in 2N par-
ticles. See Fig. 4.
We assume that a two-orthogonal-setting Bell-GHZ
2N -particle correlation experiment is performed. We
choose measurement observables such that
Ak = σ
k
x, A
′
k = σ
k
y . (11)
Namely, each of the pairs of parties uses measurement
settings such that they can check the condition in Eq. (9).
Therefore, it should be that given 22N correlation func-
tions are described with the property that they are re-
producible by local realistic theories. The Bell-Mermin
operators BN2N and B
′
N2N
do not show any violation of
local realism as shown below.
Let f(x, y) denote the function
1√
2
e−ipi/4(x + iy), x, y ∈ R. (12)
f(x, y) is invertible as
x = ℜf −ℑf, y = ℜf + ℑf. (13)
The Bell-Mermin operators BN2N and B
′
N2N
are defined
by [16, 17]
f(BN2N , B
′
N2N
) =
2N∏
k=1
f(Ak, A
′
k). (14)
The Bell-Mermin inequality can be expressed as [17]
|〈BN2N 〉| ≤ 1, |〈B′N2N 〉| ≤ 1. (15)
We also define Bα for any subset α ⊂ N2N by
f(Bα, B
′
α) =
∏
k∈α
f(Ak, A
′
k). (16)
It is easy to see that, when α, β(⊂ N2N ) are disjoint,
f(Bα∪β , B
′
α∪β) = f(Bα, B
′
α)⊗ f(Bβ, B′β), (17)
which leads to following equations:
Bα∪β = (1/2)Bα ⊗ (Bβ +B′β) + (1/2)B′α ⊗ (Bβ −B′β),
B′α∪β = (1/2)B
′
α ⊗ (B′β +Bβ) + (1/2)Bα ⊗ (B′β −Bβ).
(18)
In specific operators Ak and A
′
k given in Eq. (11), where
σkx = |+k〉〈−k|+ |−k〉〈+k| (19)
and
σky = −i|+k〉〈−k|+ i|−k〉〈+k|, (20)
we have (cf. [20])
f(Ak, A
′
k) = (e
−ipi4 /
√
2)(σkx + iσ
k
y)
= e−i
pi
4
√
2|+k〉〈−k| (21)
and
f(BN2N , B
′
N2N
) =
2N∏
k=1
f(Ak, A
′
k)
= e−i
2Npi
4 2N
2N∏
k=1
|+k〉〈−k|
= e−i
2Npi
4 2N |+⊗2N〉〈−⊗2N |. (22)
Hence, we obtain
BN2N = 2
N
{
(1/2)(e−i
2Npi
4 |+⊗2N 〉〈−⊗2N |+H.c.)
−(−i/2)(e−i 2Npi4 |+⊗2N 〉〈−⊗2N | −H.c.)}
= 2
2N−1
2 (e−i
(2N−1)pi
4 |+⊗2N 〉〈−⊗2N |+H.c.)
= 2(2N−1)/2(|Ψ+0 〉〈Ψ+0 | − |Ψ−0 〉〈Ψ−0 |), (23)
where
e−i
(2N−1)pi
4 |+⊗2N〉 = |1⊗2N 〉. (24)
Measurements on each of 2N particles enable them
to obtain 22N correlation functions. Thus, they get an
average value of the specific Bell-Mermin operator given
in Eq. (1). According to Eq. (18), we obtain
〈BN2N 〉 = 〈B′N2N 〉 =
N∏
i=2
〈B{i−1,i}〉 = V N (≤ 1). (25)
Clearly, the Bell-Mermin operators BN2N and B
′
N2N
for
their experiment do not show any violation of local real-
ism as we have mentioned above.
Nevertheless, when N ≥ 2 and V is given by(
2
(
2
pi
)2N
2(2N−1)/2
)1/N
< V ≤ 1, (26)
we have a violation of the condition in Eq. (6), i.e., one
can compute a violation of the Bell-Z˙ukowski inequality
|〈Z2N 〉| ≤ 1 that is, the measured two-qubit state can-
not be modeled by local realistic models. The condition
in Eq. (26) says that the threshold visibility decreases
when the number of copies, N , increases. In an extreme
situation, when N →∞, we have the desired condition
V > 2(2/pi)2 (27)
to show the conflict in question. This agrees with the
value to get a violation of the Bell-Z˙ukowski inequality.
4It is worth noting that the condition in Eq. (27) gives V >
0.81, which does not seem to conflict with the condition
in Eq. (26).
The given example using two-qubit states reveals the
violation of the Bell-Z˙ukowski inequality. The interesting
point is that all the information to get the violation of the
Bell-Z˙ukowski inequality can be obtained only by a two-
setting and two-particle Bell experiment reproducible by
local realistic theories.
V. SUMMARY
In summary, we have shown that the Bell-Z˙ukowski op-
erator can be represented by the Bell-Mermin operator.
This fact provides a means to check whether a quantum
state can be modeled by local realistic models, i.e., if the
conflict between local realism and quantum mechanics
occurs. Our argument relies only on a two-setting and
two-particle Bell experiment reproducible by local real-
istic theories. Given a two-setting and two-particle Bell
experiment reproducible by local realistic theories, one
can compute a violation of the Bell-Z˙ukowski inequality.
Measured data, thus, indicate that the measured state
cannot be modeled by local realistic models. Thus, the
conflict between local realism and quantum mechanics is
revealed. This phenomenon can occur when the system
is in a mixed state. We also analyzed the threshold visi-
bility for two-particle interference in order to bring about
the phenomenon. The threshold visibility agrees well
with the value to obtain a violation of the Bell-Z˙ukowski
inequality.
ACKNOWLEDGEMENTS
This work was supported by the Frontier Basic Re-
search Programs at Korea Advanced Institute of Science
and Technology. K. N. is supported by a BK21 research
grant.
REFEREMCES
[1] J. S. Bell, Physics 1, 195 (1964).
[2] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).
[3] M. Redhead, Incompleteness, Nonlocality, and Realism,
2nd edition (Clarendon Press, Oxford, 1989).
[4] A. Peres, Quantum Theory: Concepts and Methods
(Kluwer Academic, Dordrecht, The Netherlands, 1993).
[5] S-W. Lee, J. Ryu, and J. Lee, J. Korean Phys. Soc. 48,
1307 (2006).
[6] A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett.
47, 460 (1981); A. Aspect, P. Grangier, and G. Roger,
Phys. Rev. Lett. 49, 91 (1982); A. Aspect, J. Dalibard,
and G. Roger, Phys. Rev. Lett. 49, 1804 (1982);
[7] G. Weihs, T. Jennewein, C. Simon, H. Weinfurter, and
A. Zeilinger, Phys. Rev. Lett. 81, 5039 (1998).
[8] J-W. Pan, D. Bouwmeester, M. Daniell, H. Weinfurter,
and A. Zeilinger, Nature (London) 403, 515 (2000).
[9] J-W. Pan, M. Daniell, S. Gasparoni, G. Weihs, and A.
Zeilinger, Phys. Rev. Lett. 86, 4435 (2001); J. C. Howell,
A. Lamas-Linares, and D. Bouwmeester, Phys. Rev. Lett.
88, 030401 (2002);
[10] M. Eibl, S. Gaertner, M. Bourennane, C. Kurtsiefer,
M. Z˙ukowski, and H. Weinfurter, Phys. Rev. Lett. 90,
200403 (2003); Z. Zhao, T. Yang, Y-A. Chen, A-N.
Zhang, M. Z˙ukowski, and J-W. Pan, Phys. Rev. Lett.
91, 180401 (2003).
[11] A. Fine, Phys. Rev. Lett. 48, 291 (1982); A. Fine, J.
Math. Phys. 23, 1306 (1982).
[12] M. Z˙ukowski and Cˇ. Brukner, Phys. Rev. Lett. 88,
210401 (2002).
[13] R. F. Werner and M. M. Wolf, Phys. Rev. A 64, 032112
(2001); R. F. Werner and M. M. Wolf, Quant. Inf. Comp.
1, 1 (2001).
[14] S. L. Braunstein, A. Mann, and M. Revzen, Phys. Rev.
Lett. 68, 3259 (1992).
[15] M. Z˙ukowski, Phys. Lett. A 177, 290 (1993).
[16] N. D. Mermin, Phys. Rev. Lett. 65, 1838 (1990); S. M.
Roy and V. Singh, Phys. Rev. Lett. 67, 2761 (1991);
A. V. Belinskii and D. N. Klyshko, Phys. Usp. 36, 653
(1993).
[17] R. F. Werner and M. M. Wolf, Phys. Rev. A 61, 062102
(2000).
[18] D. M. Greenberger, M. A. Horne, and A. Zeilinger, in
Bell’s Theorem, Quantum Theory and Conceptions of the
Universe, edited by M. Kafatos (Kluwer Academic, Dor-
drecht, The Netherlands, 1989), pp. 69-72.
[19] K. Nagata and J. Ahn, J. Korean Phys. Soc. 53 2216
(2008).
[20] V. Scarani and N. Gisin, J. Phys. A: Math. Gen. 34, 6043
(2001).
5FIG. 1: Schematic diagram of a standard two-setting Bell
experiment in an entangled state in twelve particles with
the Bell-Mermin operator BN2N = 2
(2N−1)/2(|Ψ+0 〉〈Ψ+0 | −
|Ψ−0 〉〈Ψ−0 |) acting on Greenberger-Horne-Zeilinger states
|Ψ±0 〉 = (|0⊗2N 〉 ± |1⊗2N 〉)/
√
2.
FIG. 2: Schematic diagram of a Bell-Z˙ukowski experiment in
an entangled state of twelve particles with the Bell-Z˙ukowski
operator Z2N =
1
2
`
pi
2
´2N 1
2(2N−1)/2
BN2N .
QM=
FIG. 3: Schematic diagram of the equivalence between a Bell-
Z˙ukowski experiment and a standard two-setting Bell exper-
iment under the validity of quantum mechanics.
6N=(        )
FIG. 4: Schematic diagram of N copies of two-qubit exper-
iments which are equivalent to a standard two-setting Bell
experiment in an entangled 2N-particle state.
